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BY

YAKAR KANNAI

ABSTRACT. The concept of hypoellipticity for degenerate elliptic
boundary value problems is defined, and its relation with the hypoellipticity
of certain pseudo-differential operators on the boundary is discussed (for
second order equations). A theorem covering smoothness of solutions of
boundary value problems such as a(x)du/on + b(x)u = f(x) for the Laplace
equation is proved. An almost complete characterization of hypoelliptic
boundary value problems for elliptic second order equations in two dimen-
sions is given via analysis of hypoelliptic pseudo-differential operators in one
variable.

1. The regularity of solutions of boundary value problems has been widely
studied in the literature (see e.g. [4], [5]), under “nondegeneracy” conditions.
The oblique derivative problem

(1.) bu=0 in GCR",

12) dufol =f on 3G

has also been investigated by many authors. It is usually assumed that the vec-
tor field 7 is not characteristic to that submanifold of 8G on which / is tangential
to dG. Then the pseudo-differential operator mapping ul, to du/dl is of prin-
cipal type, and the addition of lower order terms in (1.2) plays no significant
role in the theory [6]. This paper was motivated by the desire to discuss reg-
ularity properties of solutions of the problem where (1.2) is replaced by

(1.3) adufol + bu=f on oG

where a might vanish somewhere. This could be done by transforming the
boundary value problem (as in [6], [14]) to a problem concerning hypoellip-
ticity of a certain pseudo-differential operator on 8G. It turns out that this ap-
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proach yields quick results concerning smoothness of boundary value problems.

In §2 we define precisely what we mean by hypoellipticity of a boundary
value problem and prove that for (most) second order elliptic operators this is
equivalent to the hypoellipticity of a certain pseudo-differential operator on
9G. In §3 we exhibit a class of hypoelliptic operators arising naturally from
consideration of (1.3). This class might also be of independent interest. In §4
we give an almost complete characterization of hypoelliptic boundary problems
for two-dimensional problems (and second order equations). This is achieved by
extending the results of [3], [11] from one-dimensional differential operators
to one-dimensional pseudo-differential operators. For this extension a result
enabling us to disregard all but finitely many terms in the asymptotic expansion
of the pseudo-differential operator (Lemma 4.2) and an extension of the “sta-
tionary phase” principle to a case where there are singularities (Lemma 4.4) are
important.

Our results include as special cases the results of S. Ito [10] and K. Hay-
ashida [2] who proved smoothness of the solution u of the problem

Lu=fin G, a(x)du/on + f(x)u =0 on 3G,

where L is a real second order elliptic operator and a > 0. Ito assumes « +
> 0. Hayashida makes a different assumption, whose meaning is analyzed in
§3, Example 3. Note that Ito and Hayashida are concerned also with existence,
whereas we are mostly concerned with smoothness.

The reduction of the boundary value problem to a problem involving a
pseudo-differential operator, the discussion of the two-dimensional case, and
some portions of §3, can be extended to higher order operators; the computa-
tions, though, become much more involved.

I'am very much indebted to Professor E. Shamir for suggesting Lemma 4.1
to me, and to Professors R. Beals, H. Brézis and C. Fefferman for helpful con-
versations.

2. Let G be a bounded open subset of R” with C* boundary dG. Near
3G, G is of the form 3G x (0, 1); we suppose a normal coordinate x,, is chosen
near G, and we denote points of G near aG by (x', x,), and we set u; =
D¥u(x',0),k=0,1,... . (In this paper D; =(1/i)@/ex;)) LetU,,...,U,
be a finite open covering of 8G with U, diffeomorphic to the unit sphere in
R"1,1<i<], h; being the diffeomorphism and let @15 . .., be a parti-
tion of unity subordinate to the covering {U;} i=1,..,1+ Forr, s reals we say
that u € D '(G) is in H, (G) if each of the distributions v; defined by

v, = ¢ (xWW(x,)u o h,
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is in H, (R*) and v =u(1 — Zi, ¢,(x"W(x,,)) € H, (R"). Here w € C5'(~1, 1)
with w = 1 near 0 and the spaces H, (R"), H, (R*) are those introduced in [5,
§2.5]. H, (G) is a Hilbert space with the norm

1
(W, = 3 (o, 3+ (o, .
=1

We refer to [S] for discussion of the H, ; spaces. It is important to note that
if u € H,, (G) where m is a positive integer, then the “Cauchy data” ui(x')

are well-defined elements of Hpys_j—1)2)0G) for 0<j<m —1. (Here
H,(3G) is the usual Sobolev space.) Let now P(x, D) be an elliptic differential
operator of order m defined on cl(G) with C* coefficients, and let {B;(x', D'),
i=1,...,kj=0,...,m— 1} be (classical) pseudo-differential operators
defined on 3G, with C® coefficients. We say that the boundary value problem

@1 P(x, D)u=finG,

m-1
(.2) jZ(:) Bii(x" D')ui =g,ondG, i=1,...,k

is hypoelliptic if for u € H,,, (G), f € C*(cl(G)) and g; € C™(V) we have
u € C”(G U V), where V is an arbitrary relatively open subset of 9G.

A few comments about this definition are not out of order. The ellip-
ticity of P implies that

m-—1
4n@)= 3 G, DYl

where C}(x', D'),j=0,...,m — 1, are differential operators tangential to dG.
Hence any boundary differential operator can be represented in the form
2725 'B;(x', D'yy. In [4] hypoellipticity of the boundary value problem
P(D)u =0 in G, B{D)u = 0 on a planar portion of G was defined as the re-
quirement that every classical solution of the problem be C”. The restriction
to homogeneous problems seems to be too weak for problems with nonconstant
coefficients. Moreover, all C? solutions of the problem (D? + D2)u = fin
x, >0, [x;D, +(3/2)ilu=gonx,=0are C” if fand g are, but u =
Re(x, + ix,)3/2 is a nonsmooth solution of the problem with f =g =0, and
thus it would be counter-intuitive to name this boundary value problem hypo-
elliptic. On the other hand, the assumption that u € H,, (G) for some s is
quite weak; compare [5, p. 256].

Let now m = 2 and let

2.3) P(x, D)u = gn_:

3 P ﬁl B/ID,u + o)
» 1=

1
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be a representation of P in h;!(U,) for some #, where a; = a,;. We make now
the following assumption (the so-called root condition): The quadratic equation
in ¢,

n—1 n—1 n—1
(2.4) ikz=l aik Sl'gk + Jg aingit + 1;1 ankgkt +annt2 =0

has precisely one root ¢’ (= #'(x, £)) with positive imaginary part and one root
t" with negative imaginary part, for all x in A;!(U;) and all real nonzero vectors
§=(,...,%,_;) (This assumption is always fulfilled if n > 2;if n =2 it
is stronger than ellipticity and weaker than the reality assumption of [2].) Fol-
lowing [6, §2.2] we assume that P is defined and is elliptic in a larger open set
H with cl(G) C H, and let T be a parametrix for P in H, i.e., TP =I + K where
K is a smoothing operator. For any v € H, (G) denote by v° € E'(H) the
distribution obtained by extending v to be equal to 0 outside cl(G) (compare
[S, p. 54]). Denoting by & the surface measure on G we obtain
1 1-f
0 .
(25) Pu® = (Pu)® + 7! Igo Ig P11 DL ()
for u € H, (G), where P; = P(x', D') are determined by P = 7% P,D}, order(P))
=m —j. Applying T to (2.5) we find
1 1

(2.6) w +Ku® =T@u)° +i' Y ¥ TP, 141D (u0).

j=0 1=0
If Pu € C*(cl(G)) then the restriction of T(Pu)° to 3G is a C* function. Ku®
is obviously smooth in all of H. Settirig

1-1
.7 O = (i—l 2 This14 NZA ("8))

=0 G
for v € D'(3G), we get
(2.8) uy — Qgity — 0,4, =wx') € C*@3G).

According to [6] the pseudo-differential operator Q, is actually elliptic. The
operator R = Q7 a - Q,) is a pseudo-differential operator with symbol

2.9 r=£(' 0; £) +s(x', £)
where s is a symbol of order zero.

THEOREM 2.1. Let P(x, D) be an elliptic second order differential operator
satisfying the root condition, let B, B, be (tangential) pseudo-differential oper-
ators defined on 9G and let R be as above. Then the boundary value problem
P(x, Dyu =fin G, Byuy + B u, =g on 98G is hypoelliptic if and only if the op-
erator L = B, + B, R is a hypoelliptic operator on the manifold 3G.
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Proor. It follows from (2.8) that
g=Byu, +B,07 (I - Qyu, - B,07'w
or

-1, -
(2.10) g+B 07 'w=Lu,.

Thus u, € C”(9G) if L is hypoelliptic. But then u;, = Ruy — Ql‘lw is also in
C”(9G). That u € C”(cl(G)) follows then by applying Theorem 2.14 of [6]
to (2.6).

Conversely, suppose that L is not hypoelliptic in a relatively open subset
V of 3G. Let uy € Hy(3G) satisfy uy ¢ C*(), Luy € C*(3G), for some s
(such u,, clearly exists). The Dirichlet problem is elliptic (in the sense of [S])
for P(x, D) (by the root condition). Applying Theorem 10.4.1 of [5] we con-
struct a distribution u € H,, (G) satisfying Pu = 0 in a neighborhood W C G
with cI(W) N dG = V and ul, =u,. Let v be an extension of uld(w) to a func-
tion which is C* in cl(G)\W. Applying (2.8) we find that w(x") = vy — Qgvy—
0,v, is a C™ function on G and thus By, + B,v, = Lv, — B,Qy'w. But L
is pseudo-local and vy}, = uyly,, imply that Lv, € C*(9G). Thus the boundary
value problem Pv = f, By, + B,v, =g is not hypoelliptic.

Note that if the pseudo-differential operator L is hypoelliptic then it has
a finite-dimensional kernel in C*(3G). If its adjoint L* is also hypoelliptic then
L has a finite index. In many cases its index can be computed from its symbol
[8]. One could then use the above reduction of a boundary value problem in
G to a pseudo-differential problem on G for investigating existence problems too.

If the symbols of By, B, are by(x', £), b,(x', '), respectively, then the
symbol of L is

aC', §) ~ by, ) + b, £)i ), )
@1 =B’ §) + L&, )i e (', 0: )
+ L0, £l (', £)
where a runs over all (n — 1)-dimensional multi-indices, and as usual

P, B) = @, (D), ).

Note that q(x’, £) is just the characteristic function of the boundary value prob-
lem as defined in [4] if P, B; have constant coefficients and the boundary is
planar.
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3. In this section we shall prove the hypoellipticity of certain degenerate
pseudo-differential operators of order 1 and we shall apply them (using Theo-
rem 2.1) for the study of boundary value problems.

It will be convenient to discuss the local question of hypoellipticity in
Euclidean space and not in 8G. Let thus H be an open subset of R9. The fol-
lowing is a partial generalization of Theorem 3 in [11].

THEOREM 3.1. Let
q(x, &) = a(x)e(x, &) + b(x, ¥
where

G.1)

a(x) EC™(H) and aly) =0,
y € H implies D@)») =0, j=1,...,4q

Assume further that b(x, £), e(x, £) € C*(H x (RI\{0})) and that for all
(x, ¥) € H x (RI{0}),

(32) leCx, DI < C,(1 + [,

33) g‘;))(x, DI <C, o 401 + le(x, DDA + |gl)~ el + 1818

for all multi-indices o, B, where p and & are fixed constants satisfying 1 = p >
%2620,

G4 BEGs DI Cy, o1 + )01+
forall o, B,

(3.5) k(x)e(x, HI + Ibx, I >C;, >0 if 1> C;,
and

(3.6 Iy G &) +ir,(x, O < Cylr,(x, ©F + I (x, B,
where

r,(x, &) + i, (x, &) = a(x)e(x, )/b(x, &),

rix, §) is real, j = 1,2, and t+ = max(t, 0).
Then there exists a constant C;, > 0 such that for all x € H

G7 W HI>C, if>ct

and for every pair (e, B) of multi-indices and compact subset K of H there exists
a constant Cg o g ¢ Such that for all x €K, 1¢1> C5',

38) )0, O < Cy , 5 xlaCx, DI + Yl FIAV2,
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It follows from Theorem 4.2 of [7] that the pseudo-differential operator
q(x, D) is hypoelliptic. (Its adjoint is also hypoelliptic and the results of [8] are
applicable.)

Proor. We shall denote from now on by C any constant which is inde-
pendent of x € K where K is a compact subset of H and [¢| > C5!. Note first
that

39 b(x, H < Clg(x, ¥).
Indeed, (3.9) is certainly true if b(x, £) = 0. Otherwise
(3.10) a(x, &) = (r,(x, &) + iry(x, &) + Db(x, ).

Il +1|<%thenr, <-%and by (3.6) <l |<Cl,|so that |r,| >C
>0and [b] < lgl/lr,| < Clgl. If Ir, + 1] > % then |b] < 2lq|, and thus (3.9) is
always true. But then kel < lg] + |b| implies also that

@G.11) la(x)e(x, &)l < Clq(x, £)I.

Estimate (3.7) thus follows from (3.9) and (3.11) together with (3.5). Taking
now (3.4) into account, we see that we have to worry only about derivatives of
ae in proving (3.8). In estimating x-derivatives of a, the following generalization
of a well-known [2], [13] property of nonnegative functions is useful:

LEMMA 32. Let a(x) € C2(H) and assume that a(x) has no simple zeros.
Then for every compact subset K of H there exists a constant C(K) such that
forallx€Kand 1 <j<gq,

(3.12) P2 < Cla(x)*’2,

ProoF. It suffices to show that [(D,a)(x)| < Cla(x)|'/2. Let L be a com-
pact subset of H containing K in its interior, and let § = dist(K, H\L) > 0. Set

(3.13) M = max {ID}a(x)l, la(x)\/52}.

For a given y €K, set § = la(y)|'/2/M'/2, and consider the function f(s) =

foy +5 55, ...,¥,)- Then f(s) is C? in the interval |s| < 8, with [f"()| <M
in that interval and B = (If(0)I/M)'/2. If |f'(0)| were greater than 28M, then it
would follow from a form of the implicit function theorem given in [13, p. 346]
that the interval |s| < contains one point s, where f vanishes and f " does not.
Thus a would have a simple zero at the point (v, + 55, ¥,,...,»,) €EH,a
contradiction. Hence

ID,a()| =1'(0)] < 26M = 2M* 2 |a(y)I" /.

END oF PROOF OF THEOREM 3.1. According to Leibnitz’s rule,
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I(ae)gg))(x: = I Z (7)(x)e 5_7)(3‘» 3]

(3.14) <C [Ia(x)l legg))(x, Hl + le IDja)l I=ZIB - le{a)Ce £)I
@)
+|MI<ZI:ﬁI W £)l]'

The last term in the right-hand side of (3.14) can be estimated (due to
(3.2) and (3.3)) by
C[l .|..|e(x’ 'é)l](l +|£|)—|alp+IBI8—26 < (Xl +|zé|)—-lalp+l13|8 —-28+1
) < C(1 +gly~lelo+1Bl2,

The middle sum can be estimated (applying (3.12), (3.2), (3.3) and (3.11))
by
Cla(x)I!2(1 +e(x, B)(1 +g[)~ ol +1818-3
< CHEY™ELTES + Claeels, O Plet, DI

(3.16) “(1+ (g~ lealor1pio -8
SCQ + Ig)~HIeHER + Cla(x, I 21 + gIelo+iple+1/2-8
<CQ + g 1eleF B0 4 Clg(x, Y21 + [~ Ile+I8I/Z,

The first sum can be estimated, using (3.3) and (3.11) once more, by

CI(1 + lg)™'*1P 10 + la(x)eCx, DL + Ig)~'*1P+1F1]
< C[(1 + [gh~'IPHER + 1g(x, BIQL + [gh~ I FIR],
Applying (3.7) and & < %, we get from (3.12)—(3.17) that
G.19) l@e)&)(x, §)] < Clalx, I + [gh~ =P+
and Theorem 3.1 is proved.

ExXAMPLE 1. a and b satisfy (3.1) and (3.4) respectively. e(x, &) = [E|,
3e > 0 such that larg[a(x)/b(x, £)]| < 7 — €, and la(x)| + b(x, £)] > 0. Ex-
ample 1 is only a slight modification of the examples discussed at the end of
§4 in [7]. A more substantial application of Theorem 2.1 is

ExAMPLE 2. a and b satisfy (3.1) and (3.4) respectively, e(x, £) =
£3¢E +£2)7! (9=2), 3> 0 such that farg[a(x)/b(x, )] | <7 — € and
assume that (3.5) is satisfied. A simple computation shows that (3.3) is satisfied
with p=2/3,6 = 0.

EXAMPLE 3. Let du/on be the (outward) conormal derivative associated
with an operator P satisfying the conditions of Theorem 2.1 and consider, as in
[2]1, [10], the boundary operator c(x')d/on + d(x"). Then in alocal coordinate

(3.17)
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system we can write

ou & ' 9 n-t ’ ) 2

—==-Ya (x,0;—=-2 a,(x,05--a,, 5.

on ;l in ox; i=zl in dx; mnox,
The ellipticity of L implies that a,,, # 0 and we can assume that a,,, > 0. Solv-
ing (2.4) we find that

(3.19) r=(-2 ,i: Gty + A, 1)) 22,7

where A(x", £) is the square root with positive imaginary part of the discriminant
of the quadratic equation (2.4). In our case

box', ) = d(x') - i) 'g 0, O b (s £) == iclx',,
and according to (2.11),
A, §) =) ~iol) T 4,8 = it + 5.
Applying (3.19) we find that =
(3.20) q(x, ) = - ic()AQ, HI2 +d(x) - icx)a, s

(We have omitted the primes for convenience.)

It is natural to try to satisfy the conditions of Theorem 3.1 by setting
a(x) = c(x)/2, e(x, §) = — iA(x, £) and b(x, §) = d(x) — ic(x)a,,,s(x, £). By the
root assumption e(x, ) is (strongly) elliptic of order 1 and so (3.2) and (3.3)
are fulfilled. If c(x) never vanishes then q is elliptic. If c(x) has a simple zero,
then g cannot be hypoelliptic; we are then in a situation where the principal
part determines the properties of the operator. If all the zeros of c(x) are at
least double, then (3.1) is also satisfied. Assumption (3.4) is always satisfied.
Condition (3.5) is equivalent to

(321 leG)l + ld(x)l = C >0,

and (3.6) is fulfilled (at least near the zeros of c(x), where it counts) if
larg[c(x)/d(x)] | < m/2 — € for € > 0. In particular we get the case discussed
by [10] for ¢(x), d(x) = 0, c(x) + d(x) = 1. In [2] existence and regularity
are proved under the assumptions c(x) = 0, c(x) # 0,

1 & n ,
(322) 5% cos(v, xj)(k;x a;,iD, ¢ + bjxp) +d(x)>0

on the boundary, where » is the outer normal and ¢ is the solution, with Dirich-
let data ¢ = ¢(x) on the boundary, of a certain elliptic equation. According to
the maximum principle ¢(x) > 0 in G. Hence if c(x) = ¢(x) = 0 at a certain
point x € 9G then grad ¢(x) = A\(x) (since the tangential derivatives have to
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vanish at x) with XA <0, which implies that the sum in (3.22) is nonpositive
there, so that d(x) > 0. Thus we have hypoellipticity near the zeros of c(x).

(If c(x) # 0, then gq is elliptic.) Condition (3.22) is really nothing but a sufficient
condition for the validity of the strong Garding inequality for ¢; see [12].

Generally speaking, Theorem 3.1 provides us with a sufficient condition for
hypoellipticity of certain boundary value problems. For if g is given by (2.11)
we can always try to find out whether g belongs to a known class of hypoelliptic
operators. If we can find 4, e and b satisfying the condition of Theorem 3.1
with g = ae + b, then by Theorem 2.1 the boundary value problem is hypo-
elliptic.

ReMARK. Example 2 suggests that condition (3.3) (which is certainly sat-
isfied if e is elliptic) is related to the occurrence of zeros of high multiplicity only
in &. It was pointed out to the author by C. Fefferman that if e is homogenous
of degree 1 and on [¢] = 1 has only zeros of finite multiplicity greater than two,
then (3.3) can be proved using the Weierstrass-Malgrange preparation theorem.

4. In this section we shall see how a more complete characterization of
hypoelliptic boundary value problems can be given in the two-dimensional case.
This characterization is based on an extension to pseudo-differential operators
of the results established in [3], [11] for ordinary differential operators.

Let L = L(x, D) be an ordinary pseudo-differential operator of order m
defined in an open set ¥ C R, with symbol q(x, £) given by

m
4.1 at. H~ 3 B

where ql-(x, £) is positively homogeneous of degree j. Using the fact that the
sphere subbundle of the cotangent bundle is not connected in the one-dimensional
case, and in fact can be written as R x {+, —}, we can reduce the study of g to
the study of its restrictions to the positive and negative half lines (in £). In fact,
letting h(£¥) € C™(R), h(¢) = 0 for £ <0 and A(¢) =1 for £ > 1 and setting H =
h(D), we can state

LEMMA 4.1. L(x, D) is hypoelliptic in V if and only if for every u € D'(V),

“4.2) WF(u) C WF(L(x, D)Hu) U (V x {-})
and
4.3) WF(u) C WE(L(x, DY(I — Hyu) U (V x {+}).

(Here WF(u) is the wave front set of u as defined, e.g., in [9].)
Proor. If L(x, D) is hypoelliptic, then
sing supp Hu C sing supp L(x, D)Hu.
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But WF(L(x, D)Hu) C WF(Hu) C V x {+} implies
WF(Hu) = sing supp Hu x {+} C sing supp L(x, D)Hu x {+}

= WF(L(x, D)Hu)
and similarly
WFE((I — Hu) C WF(L(x, DXI — H)u),

from which (4.2) and (4.3) follow.

Conversely, let u € D'(V), L(x, D)u € C™. Then LHu = HLu + [L, Hlu
€ C” since [L, H] is an operator of order —oo, as its symbol is supported in a
subset of ¥ x supp h'(§) C ¥V x [0, 1]. Similarly L(I — Hju € C*. Hence
WF@) C(V x =) NV x {+}) =& and u € C*(V).

Lemma 4.1 enables us to restrict ourselves w.l.o.g. to the case q,(x, H=
ai(x)z’ and to investigate whether (4.2) is valid or not. If 4,,(x) # O then L is
elliptic near x. As in [3], [11] we restrict ourselves to the case where the zeros
of a,,(x) have all finite multiplicity and thus are isolated. (Note that the results
of §3 are more general in this respect.) Let us assume that O € ¥, that 4,,(0) =
0 and that a,,(x) # O for x # 0. Let n; be the multiplicity of the zero of a,(x)
at the origin (n; may be equal to + e for j <m). The sequence {n; - j}j'f_._.,°
is bounded below and thus the characteristic index of L may be defined as the
integer m — r where — o <r<m is specified by the requirements that n, — r =
mm{n — j} and r = max{j: n—-j=n, - r}. We now claim that (4.2) cannot
be true if 7 = m. In fact, we are in the case of regular singular point. Let

a(x) ~ ki a,,x*
..ni

be the formal Taylor expansion of aj(x) at the origin. We try a formal solution
of L(x, D)u = 0 of the form

u(x) ~x* 3° ux,
1=0
where (iD)/ is interpreted as mapping x’ to x™//[( + I +7—1)...( + D)].
We obtain an infinite system of linear equations of the form

k-}i:<z CG k1 Nupi =0, I=n-rn-r+i,...

where C(j, k, I, \) is a certain rational function of j, , I, \. The indicial equa-
tion for A is thus

2 CG, k,n,—r,N)= > C(j,nj,n,—r,k)=0.

k—1=nr-r n —j=n -r

Let jo =min{j: n; — j =n, — r}. Replacing L(x, D) by L(x, D D)D70 (if j Jjo <0)
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does not change (4.2) and has the effect of making the indicial equation a poly-
nomial equation of degree m — j, = order(LD70). We may thus assume that
Jo 2 0 and that the indicial equation has m roots A,, ..., 7\,,,, repeated ac-
cording to their multiplicities and ordered by Re A\; =Re A, =...>Re ),

We now treat several cases separately, as in [11, §5]. If A, is not an mteger,
let x"‘E,_ou,x’ be the formal solution associated with it, let u(x) €EC=(V) be
such that 21y((0) = = u, (such a function exists by Borel’s theorem) and set

44 ux) =HQ\,, x)u(x)

where HQ\,, x) is the distribution defined in [11, p. 119]. Then Lv € C=(¥),
but WF(u) D {0} x {+} (this follows from actual computation of the Fourier
transform of H(e, x) as given e.g. in [1]). If A, is a positive integer, \; =7 — 1,
then we set

4.5) ux)= u(x)x}‘l, x=0,
=0, x<0,

and once again Lv € C (V) but WF(v) D {0} + {+} since by differentiating v
to a sufficiently high degree we get 8(x)mod C*. For the other cases note that
the distributions R(x~*), R(x/In|x|") constructed in [11, p. 121] all have their
wave front set equal to {0} x {+, —}. Since if A, is an integer <7 — 1 the
formal solutions have to contain (as shown in [11, pp. 125-126]) x~* or
x/In(x)*, we may construct in every case a distribution v with Lv € C*(V) but
WF(u) O {0} x {+} and then (4.2) (and (4.3)) cannot hold if r = m.

If r < m we may assume (multiplying by a power of D if necessary) that
r =0. The analysis of this case is greatly facilitated by

LEMMA 42. Let m>r=0,ay(x) = 1. Then there exists a pseudo-dif-
ferential operator C of order — 1 and a differential operator Q such that the
operator S = Q(I + C)~" has the symbol Z__s/(x)&! where s{"(0) = a{"(0),
—0<ji<m0<I<oo,

ProoF. Using the same letter for operators and their symbols, set 4 =
Z,qix,D),B= E,;‘_.,qi(x, D) (so that L = A + I + B). Denote by N the
projection on symbols of negative order,

-1
( 2 4 E)) Z“ q;(x, ).
We want to solve the equation

4.6 NA+I+B{I+0)=0

or
NA+I+AC+B+C+BC)=NAC)+B+C+BC=0.
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Setting — (I + B)~!B = E we find that E is also a pseudo-differential operator
of order < — 1, and (4.6) is equivalent to

@7 (I +B)~'NAC) + C=E.

A formal solution of (4.7) is given by

(CX)) c=i (- 1Y[ +B)"'NAVE
j=0

where 4 and (I + B)~! are understood as multiplication operators on the ring
of pseudo-differential operators. Writing formally

-1 o -1

E=Y ¥ ¢, c= Y ¢,
j=—o k=0 j=—o

A"'ﬁ 2 ai,kxk 4
j=1 k=nl

we note that only finitely many terms in (4.8) contribute to any fixed ¢; ; upon
equating coefficients of x*£7 in (4.8). Indeed, by assumptions n;— j >n, — r
=0 forj > 0. Hence if the inverse image under (I + B)~1NA, of x*%/ contains
a linear combination of terms of the form x*1¢/1, then k — j > ky —j, +1.
But Im(( + B)~1NA) consists of operators of negative orders and order E <
— 1. Hence [(I + B)"'NA]~"x*t/ =& for n > k —j. Thus (4.8) gives a
well-defined formula for ¢;  in terms of g; 5, — ® <j <m (the symbols of B
and E are determined by the symbol of 4). Let c{(x) € C™(¥) be such that
c}")(O) =¢x k=0,1,...,and let now C be a pseudo-differential operator
with symbol c(x, §) ~ Ei;l_,,c,(x)’g" . Then I + C is elliptic and the pseudo-dif-
ferential operator Q' = (4 + I + BXI + C) = L(I + C) has the symbol
2 1) with r(¥)(0) = 0 for — 0 <j < —1,0 <k <oo. Setting Q =
Tori(x)D7, we obtain the lemma.
Turning our attention to differential operators L of order m where r =0

and g,(0) # 0, we are led to the consideration of the determining factors Q,,

< »Q,, (see [3], [11] for their definitions and main properties). The an-
alogue of Theorem 1 of [11] in this case is

THEOREM 4.3. L satisfies (4.2) if and only if for every 1 <j < m, either
[Re Q;()] — = or Q(x) is purely imaginary and DQy(x) — =2, as x — 0.
L satisfies (4.3) if and only if for every 1 <j < m, either |Re Qi(x)l — oo or
Q;(x) is purely imaginary and DQ;(x) — + e, as x — 0.

ProoF. It was shown in [11, p. 114] that for every f € C (V) there
exists a v € C (V) with Lv = f. If WR(L(x, D)Hu) = & then setting L(x, D)Hu
= f we obtain L(x, D)(Hu — v) =0, WF(Hu — v) = WF(Hu). Hence (4.2) will
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follow once we prove that for all distributions u satisfying Lu =0, WF(u) C

{0} x {-=} (note that L is elliptic in ¥\{0}). All such solutions u are of the
form uy(x) = exp Q;(x) * v(x)x”j where y/(x) is a (formal) log-fractional powers
sum (see (1.2) and (1.3) in [11]). It is proved in [11] that all distributions Y
corresponding to Re Q,(x) —» — oo are actually smooth, and that no distribution
solution corresponds to Re Q,(x) —> + oo, The purely imaginary determining
vectors are dealt with in

LEMMA 44. Let p be a complex number, let by <...<by,cq, ...,
be real numbers, ¢; > 0, and let n be an integer. Then the distribution u €
D'(R), supp u C [0, =) obtained by regularizing the function

kK -»
x"(lnx)”expéjzlcfx ’)

has the property WRu) = {0} x {-}, and the distribution v obtained similarly
from

=1

k -b,;
xP(In x)"exp(— i3 ¢xl ’)

satisfies WF(v) = {0} x {+}.

PrOOF OF LEMMA 44. Let 0 < e <1 be any number. The function
u(z) = z°(In z)"exp(iz—€) can be defined holomorphically in the half plane
Im z <0 in such a way that z~€ is the branch which is positive for x — 0 with
cut at the negative axis. For that branch Re iz=¢ <0 for Im z <0 and
Re i(x — #0)~¢ — — o0 as x > 0_. Thus the distribution w obtained as the
limit as y — O_ of u(x + iy) satisfies WF(w) = {0} x {-}, and the restriction
of w to the negative axis is a C*™ function with w)(x) — 0 as x — 0_. Hence
u — w € C*(R!) which proves the assertion in this case if Re p > 0 (the case
Re p <0 follows from this by differentiation). Let now ¢ € Cy RY,v=1
near x = 0. We shall prove that the Fourier transform of ¢(x)exp [iEl’.;lcjx"’i] H(x)
decreases rapidly as § — oo, It would follow then that

e (exo(: 3 o)) = 01 x €3

(since sing supp exp[iZ. ..] = {0}). The lemma would thus follow from the
formula WF(u,u,) C WF(u,) U WF(u,) U (WF(u,) + WF(u,)) proved in [9],
where

u, =xP(In x)"exp[ix~¢],

k -b
u, =exp[—ix"‘ +iizl cx ’] for0<e<b,.
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(The second half of the lemma would follow in a similar way.)
We integrate

w k -
@9 I®»= f ¢(x)exp[i 2 ox % _ ixi.l dx
[+ i=l .

by parts as follows (¢ > 0):
I = f :exp [i(ckx.-b" - x£)] p(x)exp [i ,;2: g x—bf] dx
=i [ (@ldexplitc, x ¥ - x6)]}
-b, ~1 k=1 _p
“Chx K o+p- ¢(x)exp[i > ¢x i] dx
=1

@.10) =~ i "explic, ¥ - xb)]@ld)

b

~b,~1 k-1 =b;
(b K+ £)“cp(x)exp[i > ¢x ’] dx=...
j=1
=GOV Cexplicyx - =0

- {(d/dx)(c, b x-b"_l + &1V - p(x)exp ik-l cx—b’ dx.
k'K J

j=1
In order to justify these integrations, observe that
-b, -1 b, +1 b +1
(A B +pt =d, x Ea +d, x kp-t

(where d;, = (c;;b,)~! > 0). Hence each application of the operator 4 =
(@/dx)(c, bx 2%~ + £)~1 to an expression of the form x™exp|[i Ej";l‘cjx"’i]
yields a sum of terms where x is either replaced by x raised to a power = A +
by, or by x to the power A + b, + 1 —b; — 1> A, 1<j <k — 1. Since we
started with A = 0, we find that the right-hand side of (4.10) is integrable for

each N. Set now xg!/(1*2k) = Then

-b,./(1+b,) b, +1 b, +1 _
A=dt * K@y F T +dy )
and
II(E)I<dNE-”(b"H)_Nb"/(Hb")
k
o b, +1 b, +1 —-1(1+bd;)
], l[(d/dy)y" A+dy ™ )Mok R
@.11)

dy.

k-1  b./(1+b,)

i=1
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Every differentiation of the exponent in the right-hand side can add a factor less
than or equal to g2k-1/ (1+5k) " Thys we have (with a constant Cy, depending
onlyonb,,..., b, dy,cp,. .., cp_y) that

But b, _, <b,. Hence I(¥) = O(t ") as § — oo for all N.

END OF THE PROOF OF THEOREM 4.3. Let now Q,(x) be a purely imagin-
ary determining factor, Q;(x) = 12"_ x7bt 0< b, <...<b,. Then
D, Qi(x) — == if and only if ¢ > 0 Ife, >0 and u (x) isa corresponding
solutron of Lu; = 0, then by Lemma 4.4 WHu u;) = {0} x {=}.If, however, ¢; <
0 we can multrply every term in the formal expansion for v; by a suitable cut-
off function equal to 1 near x =0 so as to obtain a distribution w having the
same expansion near the origin, and L(wx”/ exp Q(x)) € C*(V), but
WF(wx’i exp O; (x)) ={0} x {+} by the second part of Lemma 4.4. The second
statement in Theorem 4.3 is proved similarly.

We may now state and prove the main theorem of this section.

THEOREM 4.5. Let L(x, D) be an ordinary pseudo-differential operator
with symbol given by
S CIEAE +ar - 8]
]-——N
where a, ai € C*(V) and h(¢) € C*(R") satisfies h(§) = 1 for £ > 1, h(¥) =0
for £ <0. Let Lt (L) be a pseudo-differential operator having the symbol

i a]?‘(x)éi < i aj“(x)’g">,

j=—oo =—00

Let m* (m™)and r* (r~) denote the orders and characteristic indices of L

(L) respectively. Suppose that a i+ and a _ have a zero of a finite multiplicity
in0EV,a +(x) #0,a _(x) * 0 for x € V\{0}. Then a necessary condition

for the hypoellzptrczty of Listhata ,(0)#0anda_(0) #0. Let C* (C)
be a pseudo-differential operator of order —1, Q% (Q™) be a differential oper-
ator of order m* — rt (m~ — r™) such that the operator
+ -
T =a ()Q*U+CH)'¥ (T~ =a_®Q~U+Cc)1g")
r r
has the symbol

mt N
% o5 o)

satisfying st (')(0) = ai"’ (')(0) (sj‘(')(O) = af(')(O)) for —eo<j<mt (-~ <
j<m™),0<1<o. (Such operators exist by Lemma 4.2). Let QF,...,
or, .+ @1, Q- __ ) be the determining factors of T* (T ™). Then
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L is hypoelliptic if and only if for every 1 <j <m* — r*, either [Re 0 (x)|
— o or Q,?" (x) is purely imaginary and DxQ;' (x) — — oo, as x — 0, and for
every 1 <j<m~ —r7, either [Re Q7 (x)| — — o or Qj'(x) is purely imaginary
and D, 07 (x) — + o, as x — 0.

PrOOF OF THEOREM 4.5. Theorem 4.3 and Lemma 4.1 imply that the
operator M = TYH + T—(I — H) is hypoelliptic if and only if the conditions
of Theorem 4.5 are fulfilled. The necessity of the conditions a'+(0) #0, a_ ©)
# 0 is proved as in [11, §5]. Noting that Lemma 3.1 of [11] remains true for
pseudo-differential operators and that the homogeneous terms in the symbols
of L and M possess the same formal Taylor expansion at the origin, we obtain
that L is hypoelliptic if and only if M is.

The determining factors of differential operators are effectively computable
from their coefficients. The coefficients of Q* and @~ are computable from
finitely many terms of the expansion of the symbol of L. Hence the hypoel-
lipticity of L can be determined by inspecting a sufficiently large number of
terms in the symbol of L. While the actual computation of the determining fac-
tors is not easy, the methods of [3] and [11] are applicable. We leave it to the
reader to state the appropriate generalizations of the Theorems in [3] and [11];
we shall give instead two simple examples.

EXAMPLE 1. q(x, £) =x2[¢] + 1. (This is of course well known and is
included here only to illustrate the method.) For § — + oo consider x2¢ + 1.
Then & = - 1/(x?) — — o0 and thus D,Q — — e, For { — — o consider
—x%£ + 1. Then £ = 1/(x?) and D,Q —> + . Hence the hypoellipticity.

EXAMPLE 2. q(x, £) =x*[¢| — 1 + ix2. This one is also hypoelliptic, but
does not seem to be included in the usual classes of hypoelliptic pseudo-differ-
ential operators (compare [11, p. 108]). It follows that the following bound-
ary value problem: Au =finy > 0,x%*dufon — u + ix>u =g in y = 0 is hypo-
elliptic. This case is not covered by Theorem 3.1.

More generally, Theorem 4.5 enables us to test the hypoellipticity of many
boundary value problems for second order equations in two variables (satisfying
the root condition); all one has to do is to check whether or not the conditions
of Theorem 4.5 are satisfied by q as given in (2.11).
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